Numerical methods have been widely used to simulate transient groundwater flow induced by pumping wells in geometrically and mathematically complex systems. However, flow and transport simulation using low-order numerical methods can be computationally expensive with a low rate of convergence in multi-scale problems where fine spatial discretization is required to ensure stability and desirable accuracy (for instance, close to a pumping well). Numerical approaches based on high- 
INTRODUCTION
Numerical approaches have been considered as efficient tools in the simulation of mathematically and geometrically complex groundwater flow problems (e.g., Ameli et al. ) .
However, for the modeling of multi-scale problems, widely used low-order and mesh-based numerical techniques including finite difference (FDM) and finite element (FEM) methods may suffer from large computational demands, stability issues, and low convergence rates (Samani et Note that mesh-less in the context of discrete numerical methods implies that the computational domain is discretized using arbitrary-placed 'unstructured' nodes rather than pre-defined structured mesh (e.g., triangular or quadrilateral).
In this study, application of the RBF-DQM is extended to a real transient groundwater problem with a naturally complex domain, non-linear mathematical model and various types of boundary conditions. For this case study, the efficiency of RBF-DQM as a high-order mesh-less approach is compared to the low-order mesh-based FEM and observed data. Furthermore, the authors hypothesize that mesh-less RBF-DQM, in addition to relaxing standard DQM constraints on geometry, can also address the aforementioned node distribution restriction of standard DQM.
To analyse this hypothesis, we consider 1-D and 2-D hypothetical well test problems in confined aquifers with regular domains. RBF-DQM and standard DQM efficiency, in terms of computational cost, accuracy, and rate of convergence are examined and compared to low-order FEM and FDM. The analytical Theis solution is employed as benchmark to assess these models and numerical experiments.
METHODS
Transient flow in a confined aquifer (theis problem)
Cartesian coordinate system
The 2-D transient equation which describes groundwater movement in an isotropic and homogeneous confined aquifer is as follows:
where h is the hydraulic head (L), T is the transmissivity (L 2 /T), S is the specific storage (dimensionless), and x and y are coordinates (L). Here, the efficiency of high-order and low-order numerical methods are assessed compared to the Theis analytical solution (Theis ), which is developed for a confined aquifer with the following characteristics: (1) homogeneous, (2) isotropic aquifer with (3) infinite horizontal extent and (4) constant thickness subject to: (a) a single fully-penetrated pumping well with (b) a constant pumping rate equal to Q, and (c) negligible well diameter relative to the aquifer's horizontal dimensions. In light of the above assumptions, Equation (1) is subject to the following boundary and initial conditions in Cartesian coordinate system:
where x p and y p are pumping well coordinates in plan view, Δx and Δy are grid spacing in x and y directions, and h 0 is initial head condition.
Polar coordinate system
Equation (1) can be represented in 1-D radial coordinate system by ignoring the directional variation of hydraulic head (due to the symmetric radial flow through a single well) as follows:
Similarly, boundary conditions along the well screen and far away from the well screen are as follows: 
where R is recharge rate, K is isotropic hydraulic conductivity, S y is specific yield, and Q p is equal to pumping flux 
where Q c is a constant flux along the ditch.
Differential quadrature method (DQM) and RBF-DQM
The basic idea behind DQM is the approximation of function derivatives by using weighted sums of function values: 
and obtained unknown weighting coefficients as follows:
where i ≠ j and
By using the aforementioned basis function, DQM is found to be most efficient only when the following Chebyshev-Gauss-Lobatto node distribution is employed:
As noted earlier, this issue can be mitigated by replacing standard DQM basis function (Equation (6)) with a meshless RBF:
where function f is described as
and function derivatives are 
where H value is also obtained as
where H a is the average of analytical or observed values of hydraulic head in the entire spatial domain.
RESULTS AND DISCUSSION
High-order DQM and RBF-DQM are here assessed and 
1-D Theis problem
In test case 1, DQM and RBF-DQM were used to simulate a 1-D Theis problem with a negligible pumping well radius. should be noted that in both RBF-DQM and standard DQM approaches used here the 'temporal' domain are discretized using standard DQM with a Chebyshev-GaussLobatto node distribution (Equation (7)). To find RBFs 
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case 1. (a) DQM node distribution based on Chebyshev-Gauss-Lobatto type (Equation (7)) using Nr ¼ 220 nodes and ascending distance node distribution of RBF-DQM using N r ¼ 140 nodes, black circle shows the pumping well with a radius of 0.001 m located at r ¼ 0. (b) Percent accuracy ratio versus radial distance using both methods at the end of the simulation period, values in parentheses depict the number of nodes in the spatial and temporal domain discretization, respectively. and also assess the role of q in the efficiency of the RBF-DQM approach (Figure 2(b) ). As pumping well radius would affect the shape of response surface, we investigated the impact of well radius on optimized shape parameters.
Upon increasing the well radius, the gradient near the well decreases significantly and the steep response surface in the vicinity of the pumping well changes to a milder one.
The number of nodes (140 nodes) and node configuration (ascending distance) were assumed to be constant for all well radii to insure an appropriate assessment of the effect of function response surface on shape parameters. This behavior implies that although the optimized shape parameters are dependent upon response surface shape (here well radius), for a realistically large pumping well radius the optimized shape parameters are independent of pumping well radius. To assess the role of q parameter in RBF-DQM efficiency, we obtained the variation of PAAR with q for different values of the c parameter (Figure 2(b) ).
As can be seen, the widely used value of q ¼ 0.5 provides almost the lowest level of accuracy for various c values. 
2-D Theis problem in Cartesian coordinates
The appropriateness of DQM and RBF-DQM is here Figure 3 ). In addition, it was assumed that hydraulic head far away from the pumping well (i.e., outside the radius of influence) is equal to 10 m. DQM was implemented using the Chebyshev-Gauss-Lobatto node distribution in both directions while RBF-DQM was applied with an ascending distance node distribution from the pumping well (Figure 3(a) ).
In two separate simulations, triangular elements including 210 and 5,100 nodes with a size ratio of 6 were used within SEEP/W; Figure 3(b) shows the latter case with almost 9,000 triangular elements. The large size ratio used to develop the mesh of these models insures proper incorporation of the pumping well where the elements in the vicinity of the pumping well (circle in Figure 3(b) ) are considerably finer than those located farther away from the well. FDM blocks including 210 and 900 nodes were also implemented in MODFLOW software where both models were sufficiently refined in the vicinity of the pumping well.
The first four rows of Table 2 show that, using an identical number of nodes, RBF-DQM is more accurate than the remaining high-order and low-order approaches presented in this paper. Table 2 /day are also presented in Table 3 (column 2).
Here we calibrated RBF-DQM and SEEP/W models to collected head data obtained after 3 days of pumping at point A. Observed steady-state head data were used to validate the developed models. The system of non-linear equations obtained based on Equation (4) for the entire domain were obtained through calibration. In the RBF-DQM solution, shape parameters (i.e., c and q) in addition to the material parameters were also obtained in the calibration processes using the PEST software (Table 4) . Again here the optimum shape parameter q is in the range of q reported by Wang & Liu () . Table 3 presents the simulated heads after 3 days pumping at A using RBF-DQM and SEEP/W models developed here (columns 3-6). In addition to the original node spacing (SS) refers to steady-state heads and (T) refers to transient heads after 3 days pumping at point A. This paper also provides some insights into choosing RBF shape parameters used in the RBF-DQM algorithm.
Results indicated that considering q as a variable shape parameter, instead of assigning a fixed value of 0.5, can increase the rate of convergence and level of accuracy for RBF-DQM, since the combination of c and q can construct the function response surface more accurately than only tuning c. Furthermore, in the presence of a large q (larger than standard q ¼ 0.5), the sensitivity of objective functions to c can be significantly reduced. This research also showed that the suitable range of q reported by Wang & Liu () for 2-D point interpolation using RBF is an efficient range for solving the 2-D non-linear groundwater flow equation using RBF-DQM. Proposing a methodology to avoid optimization of shape parameters is underway and will be published in due course.
